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Abstract 
The deBruijn sequences of order n are divided into weight classes. A method is given for 
defining symmetry groups for these weight classes, which subdivide them into smaller equiva- 
lence classes. These groups are given for n ~< 7 when the weight is minimal or maximal. 
I. Introduction 
A deBruijn sequence of order n is a binary sequence with period length 2 n which 
contains all binary n-tuples. It is well known that the number of deBruijn sequences 
of order n is given by 
2 2"-t -n. 
The sequences of a given order are divided into weight classes. In this paper, we 
use symmetry operations to further subdivide the deBruijn sequences into equivalence 
classes. This approach is advantageous since it can make the generation of  large num- 
bers of deBruijn sequences easier and it can be possible to prove theorems for special 
classes of  sequences that are not valid in general. Many of the current results appeared 
first in [6]. 
2. Definitions and notation 
Let Zr be the set {0, 1,2 . . . . .  r - 1 } and Z~ be the set of binary n-tuples, i.e., the set 
{(a0,al . . . . .  a,,-1 )[ai E Z2}. We will identify the sets Z~' and the set Z2o by the bijection 
(ao, al . . . .  an- I  ) ~ ao 2n-K + a12 n-2 + " .  + a,-22 + an-1. 
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The binary deBruijn graph B~ is a directed graph with 2 ~ nodes, each labeled 
with a unique binary n-tuple, and an edge from node T = (to, tl . . . . .  t , - l )  to node 
U = (uo, ul . . . . .  U,-l) if and only if (tl,t2 . . . . .  t , - l )  = (uo, uj . . . . .  un-2). 
A cycle of period e in B, is an ordered set of distinct nodes {So, S1,... ,Se-i } such 
that Si+l is the successor of St, i = 0, 1 . . . . .  e -  2, and So is the successor of Se-j. We 
can now define a factor as a set of nonintersecting cycles, that contains all the nodes 
of B,. 
A deBruijn sequence of order n is a binary sequence with period length 2" which 
contains all binary n-tuples. The deBruijn sequences can be generated by (necessarily 
nonlinear) shift registers. The sequence of states for one such shift register corresponds 
to a Hamiltonian cycle through B,. We let D(n) denote the set of (feedback functions 
giving) deBruijn sequences of order n. 
Any function f : Z~ ~ {0, I}, defines a subgraph of B, by including all nodes, 
but only those 2 n edges going from a node S -- (so,si . . . . .  s , - l )  to the node 
(Sl . . . . .  Sn-l,f(S)) for every S E Z~. It is well known that a necessary and suffi- 
cient condition for a given feedback function f : Z~' ~ {0, 1} to be a factor is that it 
can be written 
f(zo,zl . . . . .  zn-I ) = z0 ® g(Zl . . . . .  zn-l ), (1) 
for some function g : Z~ - l  ~ {0, 1} [2]. Each factor is thus uniquely specified by the 
truth value table of its corresponding  function. This truth value table is simply a 
listing of the function value for each element in Z~ - l .  
Let 5 e be the symmetric group of degree 2 n-l acting on Z~ - l ,  for all p E 5 ¢ and 
x E Z; - l ,  we have p(x) E Z~ -1. I f  4~ is the set of all functions Z; -1 ~ Z2, we can 
define p(g) for all p E 5 e and g E q~ by 
p(g)(x) = g(p-l(x)). 
Thus, 6e can be considered as a permutation group acting on • and therefore also on 
the set of factors in B,. 
In general, if x C ~, we let the automorphism group for x, A(K) be the maximal 
subgroup of 6 ~ that maps K onto itself. We now define G, as the maximal subgroup 
of S~ that maps D(n) onto itself. Thus G, = A(D(n)). 
3. Determination of G3 
As an illustration, we determine the maximal subgroup that maps the deBruijn se- 
quences of order 3 onto themselves. The truth tables for the two g's, # : Z4 ~ Z2 
which generate deBruijn cycles are: 
x 0 1 2 3 Cycle 
gl(X) l 1 0 1 00011101 
g2(x) 1 0 1 1 O0010111 
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Letting Pl and p2, respectively, be 
(0,23 0,23  
0213) and (3120 J '  
we get: PI(gl)  = g2, Pl(g2) = gl, P2(gl) : gl and P2(g2) = g2. 
Thus, H = {i, pl ,P2, plp2}, where i is the identity permutation, maps D(3) onto 
itself and we must have HC_G3. But G3 must map the sets {0,3} and {1,2} onto 
themselves since the corresponding columns in the truth value table contain two and 
one '1', respectively. The most general permutation group with these properties is H 
and we therefore have H = G3. 
4. Weight classes and adjacency graphs 
The weight of a feedback function 9 C • is defined by 
w(g)  = Eg(x ) ,  x ~ z2, - , .  
If ~: is a class of functions g : Z~ -I ~ Z2 and x c Z~ -I ,  we define the weight o fx  
with respect to ~:, v(x, x), to be 
v(x,~) = I{g ~ K : g(x) -- l}l 
The following lemma was used implicitly in the previous ection. 
Lemma 1. / f  there exists a permutation p c A(•) Jbr some K which maps x to ~, 
then v(x, x) = v(:?, K). 
Proof. We have, for each p E A(K), 
= I{g ~ ~:  p(g)( :O = 1}l 
= I{g ~ ~ : g (p -~(~) )  = I}l 
= v(x ,  •), 
where we get the second equality since p(g) runs through ~: when g does. The rest 
follows from the definitions and that p- I (d)  = p- l (p (x ) )  = x. [] 
Two members of • that have special importance are the pure cycling register (PCR) 
and the complementary c cling register (CCR). They are generated by the functions 
0, i" : Z~ - l  ~ Z2 defined by 0(x) = 0, l(x) = 1, for all x E Z~ -1. 
Any factor defines an adjacemT graph. This is a graph where the nodes correspond 
to the cycles of the factor. There are 2 n- l edges, each of them is labeled with a binary 
(n -  1)-tuple (or the corresponding element in Z2,-, ). The edge (sl . . . . .  S,- l )  connects 
the nodes in the adjacency graph corresponding to the cycles containing the n-tuples 
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(S0 ,  S 1 . . . . .  Sn_l) and (So + l,sl . . . . .  s.-1 ), respectively, in the deBruijn graph. The two 
n-tuples may of course be on the same cycle, in which case the edge will be a loop. 
The number of nodes ]f2(g)], in an adjacency graph for the factor generated by g, 
must satisfy the following double inequality [4]: 
~ la(g)l <~Z(n), 
where Z(n) -- If2(0)[. Similarly, it is customary to define Z*(n) : Ig2(1)[. Two basic 
facts about adjacency graphs show their importance in the study of deBruijn sequences. 
(F1) Every maximal spanning tree of an adjacency graph corresponds to a unique 
deBruijn sequence. 
(F2) Every deBruijn sequence corresponds to a unique connected subgraph of any 
adjacency graph. 
The correspondence in each case is that we select an edge s E Z2,-~ to the subgraph 
if and only if O(s) ~ g(s), where ~ generates the factor and g generates the deBruijn 
sequence. (F1) is then analog to the well known cycle join algorithm for generating 
deBruijn sequences, and (F2) is obvious since a feedback function 0 that gives rise 
to a disconnected subgraph of an adjacency graph cannot give a Hamiltonian cycle 
through the deBruijn graph. 
We now define H, to be the adjacency graph of the PCR. This graph contains no 
loops, and there cannot be more than two edges between any two nodes. See [5] for 
a thorough treatment of this adjacency graph. 
Let D(n, w) be the set of deBruijn sequences of order n and weight w. For D(n, w) 
to be nonempty, it is proved in [1] that a necessary and sufficient condition is that 
Z(n) -  l ~w<~2 n-l - Z*(n) + l, w odd. 
We will assume for brevity that w satisfies these conditions in the following. 
A(D(n,w))  will be a subgroup of 5 e. Furthermore, we have that each element of 
A(D(n))  takes 0 E q~ to 0 E q~, such that w(g) = w(O). Therefore, 
G, = A(D(n))  = ~']A(O(n, w)). 
W 
It is easy to see that if we reverse or complement a deBruijn sequence, we get another 
deBruijn sequence. Besides, this new deBruijn sequence will have the same weight 
since reversion and complementation correspond to the following permutations of the 
truth tables, respectively: 
r(x) = :?, c(x) = 2 "-1 - 1 - x, 
where the bit representation of ~ is the reverse of x, i.e., if x = a,_22n-2 + 
an-32 n-3 + "" • + a0, then ; = a02 "-2 + al2 "-3 + • .. + a,-2. 
Therefore, it is obvious that we have r,c E A(D(n,w)) ,  for any n,w. We now study 
the symmetry groups for minimal and maximal w. For some of these groups, we will 
show explicitly that the permutations r and c are indeed included. 
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5. The groups when w is minimal 
First we must establish a relation between A(D(n,Z(n)-  1)) and H,. 
Lemma 2. A necessary and sufficient condition for a function g:Z2.-t ~ Z2 to satisfy 
g E D(n,Z(n) - 1) is that g represents a maximal tree in Fin. 
Proof. If g represents a maximal tree in H,, it must generate a deBruijn sequence 
from (F1) above. Besides, its weight must clearly be equal to Z(n) -  1. On the other 
hand, if we have g E D(n,Z(n) -  1), then g corresponds to a connected subgraph in 
any adjacency graph from (F2) above. In particular, it gives a connected subgraph with 
Z(n) -  I edges in H~, which therefore must be a tree. [] 
Since we have labeled the edges of the adjacency graphs with elements from Z2,-,, 
we can consider the elements of ~ also as permutations of these edges. 
Lemma 3. The maximal subgroup of 6~ that maps an arbitrary maximal tree in II, 
on another maximal tree in 17, is equal to A(D(n,Z(n)-  1)). 
Proof. This follows directly from the one-to-one correspondence proven in the previous 
lemma. [] 
We introduce some notation which will be used to describe permutation groups. 
Let the set {xl,yl,x2,Y2 . . . . .  xk,yk}CZ2n-,. Then T((xl,yl),(x2, Y2) . . . . .  (xk, yk)) is 
the subgroup of 6 f generated by the transpositions (xl, Yl ) . . . . .  (xk, Yk) and S([xl, yl ], 
[x2, y2] . . . . .  [xk,yk]) is the subgroup of 6e which permutes the k ordered 2-tuples in 
every possible way. Thus IT(...)[ = 2 k and IS(...)[ = k!. 
Let (oq,fll),(ct2, fl2),...,(Ctm, flm) be the set of cycles of length 2 in H, (i.e., the set 
of double adjacencies). 
Theorem 1. The permutation group T((Qq,fll),(~2, fl2),...,(otm, flm)) is a normal sub- 
group of A(D(n,Z(n)-  1)). 
Proof. Let A, be the graph with the same vertex set as H,, but where the edge set 
E(An) = E( I1 , ) \  {ill, f12 . . . . .  tim} (i.e., we remove the double adjacencies). 
We define a mapping of the edges h : E(II ,) ~ E(A,) by 
h(x)= {~i if x=f l i ,  l~i<~m, 
x otherwise. 
A maximal tree in / / ,  will be mapped into a maximal tree in An by h (the image 
of the tree T will contain the same number of edges and still be connected since we 
cannot have both ~j, flj E T for any j). 
We let P(Q) be the maximal permutation group on the edges E(Q) of a connected 
graph ¢ that maps the maximal trees of Q on themselves. 
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The mapping h induces a homomorphism from P(II,) onto P(A,) whose ker- 
nel is the group T((~1,]~1),(~2,/~2) . . . . .  (C~m,~m)). We also have A(D(n,Z(n)- 1)) = 
P(IIn) by the previous lemma. A well-known result from group theory states that the 
kernel of a homomorphism is a normal subgroup and this completes the 
proof. [] 
A simple cycle is a cycle that cannot be written as a union of other (edge disjoint) 
cycles. Let O(Q) be the maximal permutation group on E(Q) that maps the set of 
simple cycles in Q on itself and F(Q) be the maximal permutation group on E(Q) that 
maps the set of all sets of edges without cycles on itself. Then we have the following 
lemma. 
Lemma 4. I f  Q is a connected graph, F(Q) = P(O) = O(Q). 
Proof. (a) F(Q) D P(Q). A maximal tree is by definition a set of edges without cycles. 
Any permutation mapping maximal trees on maximal trees will map any set of edges 
without cycles on another set of edges without cycles, since any set of edges without 
cycles can be made a subset of a maximal tree in the graph. 
(b) P(Q)_D O(co). Suppose t is a maximal tree in Q. We must show that for any 
p E O(Q), p(t) is also a maximal tree in Q. But p(t) contains no cycles (otherwise 
p - i  ~ O(0)), and p(t) contains the same number of edges as t, which makes it a tree. 
(c) O(Q)D_F(¢). Suppose c is a simple cycle in Q and p E F(Q). We must show 
that p E O(Q). We know that p(c) contains a cycle (otherwise p - l  ~ F(Q)). To show 
that this cycle is simple, suppose the contrary. Then, there exists an edge e such that 
p(c) \ {e} (still) contains a cycle. But the set p-l(p(c) \ {e}) will not be a cycle. 
Applying p to this edge set gives the required contradiction. 
Together, (a), (b) and (c) prove the lemma. [] 
We now define Ks = {0~1,0~2 . . . . .  0~m} CE(A,).  Thus, Ks is the image of the double 
adjacencies in / / ,  under the mapping h. 
Theorem 2. The maximal subgroup of O(An) that maps Ks on itself is equal to the 
group A(O(n, Z(n) - 1 ))/T((~t, fll ) . . . . .  (~,n, fl,n )). 
Proof. From Lemmas 3 and 4 we know that A(D(n,Z(n)- 1)) = P(II,) = O(IIn). 
Thus, in particular, the elements of A(D(n,Z(n)- 1)) map the 2-cycles in Hn on 
themselves. We therefore get the required isomorphism between the set of cosets in 
A(D(n,Z(n)- 1))/T(...) and the maximal subgroup of O(A,) that maps K~ on itself 
in the following way: let p be a representative of a coset. Whenever fli occurs in 
the definition of p (0 < i<~m), we simply replace it with ~i and thus get a required 
element of O(An). The lemmas imply that this mapping as well as an inverse mapping 
are well-defined. [] 
Theorems 1 and 2 will be our main tools for finding .4(D(n,Z(n) - 1)). 
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6. Determination of  A(D(4, 5)) 
When n = 4, the minimal weight of the deBruijn sequences i 5. We can therefore 
apply the results from the previous ection. 
The double adjacencies in /14 are (1,4) and (3,6). Thus A(D(4,5)) contains the 
normal subgroup T((1,4), (3, 6)) according to Theorem 1. By inspection of A4 and use 
of Theorem 2, we find 
A(D(4,5))/T((1,4),(3,6)) = S([1,4], [3,6]). S(2,5)- S(0, 7). 
Thus, 
A(D(4, 5)) = T((1,4),(3,6)). S([1,4],[3,6])- S(2,5). S(0,7). 
We note that T((1,4),(3,6)). S([1,4],[3,6]) is isomorphic to the dihedral group D4. 
Therefore, considered as an abstract group, we have 
A(D(4,5)) ~ D4. oq~2 •¢~a2. 
When n = 4, the permutations r and c defined in Section 4 are given by 
r = ([1,3],[6,4]), 
c = ([0, 1,2, 3], [7,6, 5,4]), 
both of which can easily be identified as elements of A(D(4, 5)). 
We say that two deBruijn sequences in D(n, w) are equivalent if one is mapped into 
the other by some element ofA(D(n, w)). It is obvious that this is indeed an equivalence 
relation and thus that it partitions D(n, w) into equivalence classes. Under the symmetry 
operations in A(D(4,5)), we get two equivalence classes of the 12 deBruijn sequences, 
depending on whether we choose 2 or 1 edges from K~ in A4: 
x 0 1 2 3 4 5 6 7 Cardinality 
gl(X) 1 1 1 1 0 0 0 1 8 
gz(X) 1 1 1 0 0 1 0 1 4 
In this table we have given one representative in each class and the cardinality of the 
class. 
7. The groups when w is maximal 
When w is maximal, we can use a similar approach as in Section 5 with the CCR 
as starting point. For brevity, we let the maximal weight 2 n-1 - Z*(n) + 1 = Wmax. 
Let H c be the adjacency graph of CCR. Here we have the situation that there are 
either 0, 2 or 4 edges between any two nodes. Besides, the graph will contain loops. 
Each time two (not necessarily distinct) nodes are incident o an edge x, they are also 
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incident to the edge (2 " - l  - 1 -x )  = ~. The paper [3] gives a thorough description of 
the CCR. 
We now define the graph A c as having the same vertex set as/ - /c .  I f  
m th j 
E(/-/c) : U{~, , t , ,~ ,~} U U{Ti,y,. } U U{,~i}, 
i=1 i=1 i=1 
where ~i, fli are the double adjacencies, 7i are the single adjacencies and 2i are the 
loops, we let 
m ph j 
: u u 
i=1 i=1 i=1 
The map h c :E (H  c )  ~ E(A c) is defined by 
cti i f x  = o~i, i, ~ii, ti, I <<. i <~ m, 
hC(x) = 7i i f x  = 7i,~, 1 ~<i.<<r~, 
2i if x = ~.i, 1 ~< i ~ j .  
Thus, we have replaced each multiple edge in H c by a single edge in A c. 
The analog to Theorem 1 is 
Theorem 3. The group 
S(0~l , i l ,~ i ,  t l ) " '  " S( o~m, tm, ~'--m, tm ) " T(  (T l ,  ~ ), . . . , (7~,  ~-~) ) 
is a normal subgroup of A(D(n, Wma x )).  
Proof. The subgroup will be the kernel of the homomorphism P(I1 c) H P(A c) in- 
duced by h c and is therefore normal. [] 
We define K c = {~1, ~2 . . . . .  Ctm} C E(AC). Theorem 2 now has the following analog. 
Theorem 4. Let R be the maximal subgroup of O(A c) that maps K ff on itself. 
R : A (D(n, Wmax ))/S(oq, ill, ~ ,  i l  ) " "  S(°~m, tim, ~m, tm )" /((~11, ffl') . . . .  , (~)th, ~'~) . 
Proof. The proof is similar to the proof of Theorem 2. [] 
The loops in A c can be dealt with easily according to the next theorem. 
Theorem 5. The group S(21 . . . . .  2j) is a normal subgroup of R. 
Proof. The group S(21, . . . ,2 j )  is clearly a subgroup of R, since every element is 
a permutation which belongs to O(A c) and maps K c on itself. Because the edges 
21 . . . . .  2]. are precisely those that are never part of a maximum spanning tree, they 
must be a separate orbit in R. Thus, we have that for all p E S(21 . . . . .  2 j ) , r  E R, 
rpr -1 E S(/~ 1 . . . .  ,)~j) and this proves the normality. [] 
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8. Determination of A(D(4, 7)) and A(D(4)) 
When n = 4, the maximal weight of the deBruijn sequences is 7. We can therefore 
apply the results from the previous section to find A(D(4, 7)). Since the only possible 
weights when n --- 4 are w = 5,7, it is also easy to find A(D(4)). 
By inspection of the graphs / /c  and A c and using Theorems 3 and 4, we get 
A(D(4,7)) = S(1,3,4,6) .  S(0,2,5,7). 
It is easy to see that we have one equivalence class consisting of the 4 deBruijn 
sequences of weight 7. In order to find A(D(4)) we note that A(D(4, 5 ) )C  A(D(4, 7)), 
therefore 
A(D(4)) = A(D(4, 5)). 
9. Determination of A(D(5, 7)) 
There are 576 deBruijn sequences of weight 7 and order 5. This is also the minimal 
weight when n = 5 and we can use the previous results to analyze them. The graph can 
be seen in Fig. 1. The double adjacencies in / I5  are (1,8),(2,4),(3, 12),(5, 10),(7, 14), 
3 C 
14 l 
0 
1 2 
6 9 5 
A5 
Fig. I. The adjacency graphs for studying the case when n --- 5 and w is minimal. 
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(11, 13). Thus, A(D(5,7)) contains T((1,8),(2,4) .... (11, 13)) as a normal subgroup 
according to Theorem 1. 
To find the structure of Q = A(D(5,7))/T((1,8),(2,4) .... (11,13)), we apply 
Theorem 2 and find the subgroup of O(As) that fixes K~ = {1,2,3,5,7, I1}. 
The graph A5 has no cycles of length 3, but five cycles of length 4. 
S~ = (1,2,5,_6), S2 =(1,3,9,2) 
$3 =(3,6, 11,7), $4 = (5,9,7, 11), $5 =(3,9,5,6). 
We have underlined the edges in K~ = E(As)\  K~ = {6,9}. These must be mapped 
on themselves and therefore the cycle $5 can only be mapped on itself. From this it 
follows that the permutation i duced by Q on {3,5,6,9} is T((3,5),(6,9)). It turns out 
that each of the four elements of T((3, 5), (6, 9)) uniquely determines a permutation of 
the Si, 1~<i~<4 and thereby also on the blocks [1,2] and [7, 11]. This is displayed in 
the next table. 
Permutation 
of 3,5,6,9. 
i 
(3,5) 
(6,9) 
(3,5)(6,9) 
Permutation 
of the Si 
i 
(s~,s3 )(s2,s4 )
(s~,$4 )($2,s3 )
(s~,s2 )(s3,s4 )
Permutation of 
{[1,2],[7, I1]} 
i 
([1,2],[7, 11]) 
([1,2],[7, 11]) 
i 
Assigned 
name 
i 
a 
b 
a.b 
In addition, each pair (1,2), (7, 11 ) can be independently permuted since neither cycle 
splits these pairs, and the pair (0, 15) can be permuted since these edges are not 
contained in any cycle. 
All these permutations map the cycles of length 4 in A5 on other cycles. In As, there 
are two (simple) cycles of length > 4, namely (1,2,5,11,7,3) and (1,2,9,7,11,6). 
By inspection, it is easy to see that each of the given permutations maps these cycles 
on themselves. 
We have shown that 
A(D(5, 7))= {i,a,b,a. b}. T(([1,8], [2,4]),([7, 14],[11, 13])) 
• S(0, 15). T((1,8),(2,4), (3, 12),(5, 10),(7, 14),(11, 13)). 
When n = 5, the permutations r, c defined in Section 4 are given by 
r = ([1,2,3, 5,7, 11], [8,4, 12, 10, 14, 13]), 
c = ([0, 1,2, 3,4, 5,6, 7], [15, 14, 13, 12, 11, 10,9, 8]), 
both of which can be identified as elements of A(D(5, 7)). 
By inspection of/75 and A(D(5, 7)), it is straightforward to see that the sets to = 
{0,15}, tl = {1,2,4,7,8,11,13,14}, t2 = {3,5,10,12} and t3 = {6,9} are sets of 
transitivity for A(D(5,7)). Moreover, within each equivalence class of D(5, 7) the 
following three parameters are invariant: the number of edges (Ul,U2,U3) in each of 
the sets tl, t2, and t3 (the number of edges in to is always 2). 
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It turns out that each legal triple (ul, u2, u3) uniquely determines an equivalence class. 
The table below shows the cardinality and one representative foreach equivalence class. 
(u l, u2, u3 ) Cardinality Representative 
(2,1,2) 64 {0, 1,3,6,7,9, 15} 
To find 
when x 
(2,2,1) 
(3,0,2) 
(3,1,1) 
(3,2,0) 
(4,0,1) 
(4, 1, O) 
128 
32 
128 
128 
32 
64 
{0,1,3,5,6,7,15} 
{0,1,2,6,7,9,15} 
{0,1,2,3,6,7,15} 
{0, 1,2,3,5,7, 15} 
{0,1,2,6,7,11,15} 
{0,1,2,3,7,11,15} 
the sets of transitivity in general, we can get help from Lemma 1. For example, 
runs through Zi6, v(x, D(5, 7)) takes on 4 values: 
x E {0, 15} ¢:==~ v(x,D(5,7)) = 576, 
x E {1,2,4,7,8, 11, 13, 14} ¢:==> v(x,D(5,7)) = 204, 
x E {3,5, 10, 12} ~ v(x,D(5,7)) = 192, 
x E {6,9} ¢==~ v(x,D(5,7)) = 240. 
According to Lemma 1, each of these subsets of Z16 must be unions of sets of transi- 
tivity. In this case they coincide with the sets of transitivity. This is not true in general 
(fails for n = 6). 
10. Determination of A(D(5, 13)) 
There are 64 deBruijn sequences of order 5 and weight 13 which is the maximal 
weight of this order. We can therefore analyze them through a study of/- /c and A5 c. 
Fig. 2 shows the graphs /-/c and /-/6 c with the proviso that for each pair of edges 
y, 2 n-1 _ 1 - y, we have only drawn a single edge on the graph, since this makes the 
structure of the graph easier to see. 
The double adjacencies in / / c  are (1,7) and (2,4) and the single adjacencies are 3 
and 5. By Theorem 3, 
H = T((3, 12),(5, 10)). S(1,7,8, 14). S(2,4, 11, 13) 
is a normal subgroup of A(D(5, 13)). From Theorem 4, 
A(D(5, 13)) = S(0, 6,9, 15). S([I, 7, 8, 14], [2,4, 11, 13]). H. 
By inspection, the sets: to = {0,6,9,15}, tl = {1,2,4,7,8,11,13,14}, t2 = {3,12} and 
t 3 = {5, 10} are the sets of transitivity. It is easy to see that the number of edges from 
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Fig. 2. The adjacency graphs for studying the case when n = 5 or n = 6 and w is maximal. 
to and t3, respectively are 0 and 1 always. The two legal pairs (Ul,U2) determine the 
equivalence classes as follows: 
(Ul, u2) Cardinality Representative 
(1,1) 32 {1,3,5} 
(2,0) 32 (1,2,5} 
The CCR has only l 's in its truth table. Choosing an edge from F/c, means changing 
the corresponding entry in the truth table to 0. Thus, the entry {1,3,5} in column 3 
means that g(x) = 1, except for x = 1,3, 5. 
A study of v(x,D(5, 13)) gives 
x E {0,6,9, 15} ¢==~ o(x,D(5, 13)) = 64, 
x E {1,2,4,7,8, 11, 13, 14} ¢==~ v(x,D(5, 13)) = 52, 
x E {3, 12} -' '.. v(x,D(5, 13)) = 48, 
x E {5, 10} ..' ~. v(x,O(5, 13)) = 32. 
Thus, we have another case where these classes coincide with the sets of transitivity. 
11. Determination of A(D(6, 13)) 
There are 2211840(= 214335) deBruijn sequences of weight 13 and order 6. These 
sequences can be analyzed by a study of/-/6 since 13 is the minimal weight for this 
order. The relevant graphs are depicted in Fig. 3. 
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Fig. 3. The graphs for studying the case when n = 6 and w is minimal. 
The double adjacencies in /-/6 are 
(1,16),(2,8),(3,24),(7,28),(15,30),(23,29). 
Thus, T(((1, 16) . . . . .  (23,29)) is a normal subgroup of A(D(6, 13)). 
We investigate Q = A(D(6, 13))/T(((1, 16) . . . . .  (23, 29)) by studying the subgroup 
of O(h6) which maps the set K~ = {1,2,3,7, 15,23} on itself. 
The group Q must contain the permutation ~, which reflects the graph over 
its horizontal axis of symmetry. Apart from the edges 0,31 and 10,21, no proper 
subset of the edges can be reflected, without splitting some cycles. We can therefore 
assume that the edges are fixed to their half-planes and add the permutations group 
{i,?}. T((0,31),(10,21)) afterwards. 
The graph A6 contains exactly two cycles of length 4 with 3 edges from 
K~: (1,2, 17,3) and (15,23, 14,7). (The edges from Ka are underlined.) These two 
cycles must either be fixed or mapped on each other. Since they are mapped onto 
each other by the reflection over the horizontal axis of symmetry, we assume that they 
are mapped on themselves. 
Any permutation must now fix 17. In addition, 3 must be mapped on itself, otherwise 
the cycles of length 4 containing 1_ and 2 could not be mapped on other cycles. 
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It is not possible for any permutation to interchange the edges !,2. The cycle 
(1,3,7, 19,9,4) could in that case not be mapped onto any other cycle since no cycle 
of length 6 contains exactly the edges 2,3,7 from K~. This gives that the edges 
{1,2,3,4,7, 14, 15, 17, 23, 27}, 
must be fixed unless the graph is reflected. 
From the rest of the edges we now consider 5. In order to map the cycles (_I, 2, 5, 12) 
and (2,4, 18,5) on other cycles, we must have 5 ~ 20 and we get the transpositions 
(5,20),(9, 18),(6, 12). The cycle (17,5, 11, 14) must then be mapped onto (17,20,26, 
14) and similar transpositions are induced in the lower half of the graph. 
Summing up, we have that the permutation group 
{i,7} • T((0,31),(10,21)). S([5, 6, 9, 11, 13, 19], [20, 12, 18,26,22,25]) 
must be a superset of Q. To see that it is indeed equal to Q, note that the effect of 
the last permutation is that it merely interchanges the occurrence of two of the nodes 
in the graph (the two nodes with degree 6 in A6) in any cycle. 
Finally, if we now define 
?= ([5,6,9, 11, 13, 19], [20, 12, 18, 26,22, 25]), 
t = (1, 16)(2, 8)(3, 24)(7, 28)(15, 30)(23, 29), 
where t E T((1, 16),...,(23,29)), we may write ~ = cr and ~ = rt. Thus, the structure 
of A(D(6, 13)) is 
A(D(6, 13)) = {i,7}- S([5, 6, 9, 11, 13, 19], [20, 12, 18,26,22,25]) 
• T((0,31),(10,21)) • T((I, 16),...,(23,29)) 
= {i,r,c, r c} .  T((0,31),(10,21)) • T((1, 16) ..... (23,29)). 
12. Determination of A(D(6, 27)) 
There are 16384(= 214) deBruijn sequences of order 6 and weight 27. This is the 
maximal weight for this order and we investigate Hc (Fig. 2) and A c. 
We know that the edges in K c = {1,4,5} must be mapped onto themselves. The 
two loops must be mapped onto themselves and the edges 6, 12 always appear together 
in the set of cycles. We can also reflect he graph over its horizontal axis of symmetry. 
This gives the permutation group S(O, 10). S(6, 12). {i,~}. 
The cycles of length 3 are 
(1, 3, 8),(1,2, 7), (_5,2, 9), (5_, 8, 13), (4,2, 8), (4,3, 7), (4_,6, 12), (4, 9, 13), 
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where we have underlined the edges in K c. We cannot have 4 ~ 1 or 4 ~ 5, since only 
4 appears in four of these cycles. The permutation (1,5) is included in the reflection, 
we therefore now assume 1 ~ 1 and 5 ~ 5. 
If (1,3,8) ~ (1,3,8), we get the identity permutation, otherwise (5,8, 13) could 
not be mapped on a cycle. Suppose (1,3,8) ~ (1,2,7). This gives the permutation 
([3,8, 13],[7,2,9]), otherwise (5,2,9) could not be mapped on a cycle. 
We now have 
Q = s(0,10), s(6,12)- {i,?}. T([3,8, 13], [7,2,9]), 
which gives 
A(D(6, 27)) =S(0, 10,21,31). S([6,231, [12, 191). {i,F} 
• T([3, 8, 13, 18,23,28], [7, 2,9, 22,29,24]) 
• S(I, 15, 16,30). S(5, 11,20,26). S(4, 14, 17,27) 
• T((0, 31), (2,29), (3,28) .... (13, 18)). 
13. Determination of A(D(7, 19)) 
The number of nodes in /-/7 is 20, and the minimal weight of deBruijn sequences of 
order 7 is 19. There are a total of 228-35.53.13 such sequences [1]. To find A(D(7, 19)), 
we investigate /17 and AT. The latter is pictured in Fig. 4, where the edges in K~ are 
bold. Although the graph is more complicated than the previous graphs, it is still easy 
to find the symmetries provided the problem is attacked with the same techniques and 
theorems as before. The graph has a horizontal axis of symmetry, and we denote the 
corresponding permutation of the edges by ?. Obviously, the edges 0 and 63 can be 
permuted freely. 
Assume that the edge labeled 1 is mapped to another edge in the upper-half of the 
graph, the permutation F taking care of the other possibility. We consider the only 4- 
cycles in the upper half of the graph with three edges from K~: (1, 3, 33,2), (2, 10, 18,4) 
and (4,9, 12,1). These cycles must be mapped to each other, and by simply counting 
occurrences, we get sets of transitivity: {1,2,4} , {3_, 10,9} and {33, 18, 12}. Suppose 
that 1 is mapped to 2. We cannot have 2 ~-* 1, since this would imply that the 
edges 3,4 are fixed while 9 ~ 10 and this would clearly disrupt the three cycles of 
length 10 that only consist of edges from K~. Thus, we must have 1 ~ 2 ~ 4 ~ 1. 
This gives the rotation of the graph depicted in the subgraph of A7 in Fig. 5. 
We introduce the notation R([Blockl],[Block2] . . . . .  [BlockN]) to mean the cyclic 
group of order N generated by the permutation [Blockl] ~ [Block2] ~ ... 
[BlockN] ~ [Blockl]. Also, we give names to the three paths in K~: (1,3,7, 15,31) is 
Pathl, (2, 10,21,43,47) is Path2 and (4,9,25,27,55) is Path3. 
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Fig. 4. AT, from the adjacency graph for the PCR when n = 7. 
According to this, the rotation of  the graph mentioned above gives the group 
Rt = R([Path 1, 33, 6, 24, 14, 28, 35, 49, 30, 39, 57], 
[Path2, 18, 40, 5, 41,37, 26, 22, 45, 58, 23], 
[Path3, 12, 17, 34, 19, 50, 13, 44, 51,29, 46]), 
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Fig. 5. A subgraph of A7 showing how the graph may be rotated. See the text for details. 
since we in addition to permuting the paths, also must permute the edges adjacent to 
them. 
Finally, we let 1 be fixed, and thus also the edges in Pathl, Path2, and Path3. 
Consider the 4-cycles (1,6,40,2) and (1,24, 5,2). The only possibility is now that 
these cycles are mapped to each other. This implies that (3,7, 35,6) must be mapped 
to (3,7,49, 24). Continuing this process with all 4-cycles consisting of two edges from 
Ka, we get the group 
St = S([6,40, 17,52,35,26, 14, 13,41,39,58,29], 
[24, 5, 34, 11,49, 22, 28, 44, 37, 57, 23, 46]). 
Moreover, we have the group generated by all transpositions of the double adjacencies, 
T(...) = T([ 1,32], [3, 48], [7, 56], [15,601, [31,62], [2, 16], [10, 20], [21,42], 
[43, 53], [47, 63], [4, 8], [9, 36], [25, 38], [27, 54], [55, 59]). 
Putting all this together gives 
A(D(7, 19)) = Rt. St. T(...). T(0,63). {i,7}. 
14. Determination of A(D(7, 55)) 
The number of nodes in/-/c is 10, and the maximal weight of deBruijn sequences of 
order 7 is thus 55. There are a total of 226. 3 such sequences [1]. To find A(D(7, 55)), 
we investigate //7 c and A c. The latter is pictured in Fig. 6. 
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Fig. 6. A7 c, from the adjacency graph for the CCR when n = 7. 
When n is odd, a close relation is known to exist between Hn and H c [3, Section 
7]. In this case, it is easy to see that A ( contains a subgraph isomorphic to the graph 
depicted in Fig. 5 and thus that we get a similar cyclic symmetry group 
Rt = R([I, 5_,3, 15,7], 1[~, 17, 6,24,25], [22,10,27,9, 11]) 
as in A(D(7, 19)). Furthermore, the position of the two nodes adjacent to edge 30 can 
be interchanged in any cycle, leading to the symmetry group 
Tp = T([15,2, 19,9,4,24],[3, 16, 13,27,8,6]). 
The three edges that make up the loops in the graph can obviously be permuted freely, 
so we have S(0, 12, 18). The group we get from permuting within the double adjacency 
pairs and adjacency pairs is 
Ad = T([0, 63], [2, 61], [3, 60], [4, 59], [6, 57], [7, 56], [8, 55], [9, 54], 
[11,52], [12, 51], [13, 50], [15,48], [16, 47], [18, 45], [ 19, 44], [21,42], 
[24, 39], [25, 38], [26, 37], [27, 36], [30, 33]) 
• S(1,31,32,63). S(5, 23, 40, 58). S(10, 20, 43, 53). S(14,28, 35,49) 
• S(17, 29, 34,46). S(22, 26, 37,41 ). 
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By arguments analogous to those in the previous section, we can prove that the per- 
mutations encountered so far are the only possible. We now put the findings together 
and get 
A(D(7, 55)) -- Rt. Tp.  Ad-S([0,63],  [12, 51], [18,45]). 
15. Conclusions 
In this paper we have defined and shown how to find symmetry groups on the set 
of deBruijn sequences of maximal and minimal weights of different orders. Examples 
were given for n ~< 7. 
The main observations were that certain permutations of edges in the adjacency 
graphs correspond to permutations of deBruijn sequences. We develop a set of theorems 
that are useful in order to determine these permutation groups. These methods are at 
present impossible to apply to deBruijn sequences of intermediate weights since they do 
not correspond to spanning trees in a single adjacency graph. But the set of theorems 
mentioned above can be applied to any adjacency graph and thus by (F1), (F2) give 
rise to a set of related deBruijn sequences. It is possible that the last observation can 
be a key to an extension of this work to the intermediate weight classes. 
Another direction for further study should be mentioned. It would be of great value 
if the present results could be generalized to arbitrary orders. Some results are known 
that could be important. First, it is possible to construct the double adjacencies of 
the PCR and CCR for any n, according to [5,3]. This makes it at least possible to 
discern a subgroup of the automorphism group for any n. Second, for n prime it seems 
likely that the adjacency graphs are more regular than for n composite. This could 
therefore be a natural starting point when one tries to generalize to arbitrary order. In 
addidion, the similarities between PCR and CCR can perhaps be exploited when n is 
odd. Nevertheless, it is still a long way to go in order to find general formulae for 
symmetry groups of deBruijn sequences. 
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